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Abstract. Nörlund strong logarithmic means of double Fourier series








, 0 < p < 1 are studied.
The maximal Orlicz space such that the Nörlund strong logarithmic
means of double Fourier series for the functions from this space converge
in two-dimensional measure is found.
1. Introduction
The rectangular partial sums of double Fourier series Sn,m (f ;x, y) of the




,T := [−pi, pi), 1 < p < ∞ converge in Lp norm to the




this result does not hold .
But for f ∈ L1 (T), the operator Sn (f ;x) are of weak type (1,1) [16]. This
estimate implies convergence of Sn (f ;x) in measure on T to the function
f ∈ L1 (T). However, for double Fourier series this result does not hold
[7, 9]. Moreover, it is proved that quadratical partial sums Sn,n (f ;x, y)
of double Fourier series do not converge in two-dimensional measure on T2










then rectangular partial sums Sn,m (f ;x, y) converge in measure on T2.
Classical regular summation methods often improve the convergence of
Fourier seeries. For instance, the Fejér means of the double Fourier series of








norm to the function f [14].
These means present the particular case of the Nörlund means.
The Nörlund logarithmic means of double Fourier series are defined by







Si,j (f ;x, y)




k=1 (1/k) and by Si,j (f ;x, y) we denote rectangular partial
sums of double Fourier series of the function f .
It is well know that the method of Nörlund logarithmic means of double
Fourier series, is weaker than the Cesáro method of any positive order. In
[10] Tkebuchava proved, that these means of double Fourier series in gen-
eral do not converge in two-dimensional measure on T2 even for functions
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means tn,m (f ;x, y) of double Fourier series Tkebuchava [11] proved that the
following results are true.



















means of rectangular partial sums of double Fourier series, convergent in





On the other hand, it is noted, that the regularuty of summation method
does not allow to deduce the summability in measure of functional sequence
from its convergence in measure (see [1], Remark 1).
In this paper we consider the strong logarithmic means of rectangular
partial sums double Fourier series and prove that these means are acting








, 0 < p < 1 (see Theorem 3 ).
This fact implies the convergence of strong logarithmic means of rectangu-
lar partial sums of double Fourier series in measure on T2 to the function




(see Corollary 1 ). Uniting these results with statement
from [10] we obtain, that the rectangular partial sums of double Fourier
series converge in measure for all functions from Orlicz space if and only
if their strong Nörlund logarithmic means and strong Nörlund logarithmic
means converge in measure (see Theorem 5). Thus, not all classic regu-
lar summation methods can improve the convergence in measure of double
Fourier series.
The results for summability of logarithmic means of Walsh-Fourier series
can be found in [5, 3, 4, 12, 13].
2. Double Fourier Series and Conjugate Functions
We denote by L0 = L0(T2) the Lebesque space of functions that are
measurable and finite almost everywhere on T2.
Let LQ = LQ(T2) be the Orlicz space [8] generated by Young function Q,










This space is endowed with the norm
‖f‖LQ(T2) = inf{k > 0 :
∫∫
T2
Q(|f(x, y)| /k)dxdy ≤ 1}.
In particular, if Q(u) = u log+ u , log+ u := 1{u>1} log u, then the corre-
sponding space will be denoted by L logL(T2).
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where Z := {...,−1, 0, 1, 2, ...} and






are the Fourier coefficients of the function f .
Denote by Sn,m (f ;x, y) the (n,m)th symmetric rectangular partial sums
of series (1). As is well-known, we have





f (s, t)Dn (x− s)Dm (y − t) dsdt
and
Dn (u) :=
sin ((n+ 1/2) u)
2 sin (u/2)
is the Dirichlet kernel.
One can associate three conjugate series to the double Fourier series (1):
(3) f˜ (1,0) ∼
∑
(j,k)∈Z2
(−isignj) f̂ (j, k) ei(jx+ky)
(conjugate with respect to the first variable),
(4) f˜ (0,1) ∼
∑
(j,k)∈Z2
(−isignk) f̂ (j, k) ei(jx+ky)
(conjugate with respect to the second variable)
(5) f˜ (1,1) ∼
∑
(j,k)∈Z2
(−isignj) (−isignk) f̂ (j, k) ei(jx+ky)
(conjugate with respect to both variables).
As is well known, if f is an integrable function then





































Privalov’s theorem (see e.g. [16], vol. II, p. 121) immediately implies the









was proved by Zygmund [17, 15].
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We shall consider the symmetric rectangular partial sums of series (3)-(5)
defined by





(−isignj) f̂ (j, k) ei(jx+ky),





(−isignk) f̂ (j, k) ei(jx+ky)
and





(−isignj) (−isignk) f̂ (j, k) ei(jx+ky).
It follows from (2) that





f (s, t) D˜n (x− s)Dm (y − t) dsdt,





f (s, t)Dn (x− s) D˜m (y − t) dsdt
and





f (s, t) D˜n (x− s) D˜m (y − t) dsdt,
where




cos ((m+ 1) u)
2 sin (u/2)
,m = 1, 2, ...
is the conjugate Dirichlet kernel.
In this paper we also consider the following operators
S˜
10





f (s, t) D˜n (x− s)Dm (y − t) dsdt,
S˜
01





f (s, t)Dn (x− s) D˜m (y − t) dsdt
and





f (s, t)Dn (x− s)Dm (y − t) dsdt,
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3. Strong Riesz Logarithmic and Strong Nörlund Logarithmic
means
The strong Riesz logarithmic means, strong Nörlund logarithmic means
and strong Fejér means of rectangular partial sums S˜abi,jf defined by







∣∣∣S˜abi,j (f ;x, y)∣∣∣
(i+ 1) (j + 1)
,







∣∣∣S˜abi,j (f ;x, y)∣∣∣
(n− i+ 1) (m− j + 1)
,
σ˜abn,m (f ;x, y) :=
1





∣∣∣S˜abi,j (f ;x)∣∣∣ , a, b = 0, 1.
Denote
R˜00n,m (f) = Rn,m (f) , S˜
00
n,m (f) = Sn,m (f) , τ˜
00
n,m (f) = τn,m (f) , σ˜
00
n,m (f) = σn,m (f) .
In [6], in particular, it is proved that the following estimation is true.




and 0 < p < 1. Then for any a, b = 0, 1











1/p ≤ c1 ∫∫
T
|f (x, y)| log+ |f (x, y)| dxdy+c2.
Appling Hardy’s transformation, we obtain
lnlmR˜
ab






σ˜abi,j (f ;x, y)












σ˜abi,m (f ;x, y)
+σ˜abn,m (f ;x, y) .
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|f (x, y)| log+ |f (x, y)| dxdy + c2
(






























|f (x)| dx, f ∈ L1 (T) , 0 < p < 1.



















|f (x)| dx, f ∈ L1 (T) , 0 < p < 1,
where σn (f ;x) , σ˜n (f ;x) , Rn (f ;x) and R˜n (f ;x) are strong Fejér and strong
Riesz means of Fourier series and conjugate Fourier series.
4. Main Results








(τn,m (f ;x, y))
p dxdy

1/p ≤ c1 ∫∫
T2
|f (x, y)| log+ |f (x, y)| dxdy + c2.














|Si,j (f ;x, y)− f (x, y)|
(n− i+ 1) (m− j + 1)

p dxdy → 0
as n,m→∞.
CONVERGENCE IN MEASURE OF STRONG LOGARITHMIC MEANS 7











|Si,j (f ;x, y)− f (x, y)|
(n− i+ 1) (m− j + 1)
→ 0
in measure on T2, as n,m→∞.
Uniting these results with statement 1 of Tkebuchava we obtain.
Theorem 5. The following conditions are equalent
a)
LQ(T
2) ⊂ L logL(T2);
b) the strong Nörlund logarithmic means of double Fourier series for all func-
tions from Orlicz space LQ(T2) converges in measure on T2;
c) the Nörlund logarithmic means of double Fourier series for all functions
from Orlicz space LQ(T2) converges in measure on T2;
5. Proof of Main Results
Proof of Theorem 3. Set αn (t) := sin ((n+ 1) t) , βn (t) := cos ((n+ 1) t).








sin ((n− k + 1/2) (x− t))







f (t) sin ((n+ 1) (x− t))
cos ((k + 1/2) (x− t))







f (t) cos ((n+ 1) (x− t))
sin ((k + 1/2) (x− t))







f (t) sin ((n+ 1) (x− t))
×
(
cos ((k + 1/2) (x− t))
2 sin ((x− t) /2)
−
cos ((x− t) /2)
2 sin ((x− t) /2)
)
dt







sin ((n+ 1) (x− t))







f (t) cos ((n+ 1) (x− t))
sin ((k + 1/2) (x− t))




















sin ((n+ 1) (x− t))








sin ((k + 1/2) (x− t))








sin ((k + 1/2) (x− t))
2 sin ((x− t) /2)
dt
= −αn (x) S˜k (fβn;x) + βn (x) S˜k (fαn;x)
−βn (x)Sk (fβn;x)− αn (x)Sk (fαn;x) + Sn+1 (f ;x)
Hence






n − k + 1
≤ R˜n (fβn, x) + R˜n (fαn, x)







1/p ≤ cp ∫
T
|f (x)| dx.







1/p ≤ cp ∫
T
|f (x)| dx, f ∈ L1 (T) , 0 < p < 1, f ∈ L1 (T) .
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Now, we consider rectangular partial sums of double Fourier series. From
(10) we can write
Sn−i,m−j (f ;x, y) = Sn−i (Sm−j (f ; y) ;x)(12)
= −αn (x) S˜i (Sm−j (f ; y)βn;x)
+βn (x) S˜i (Sm−j (f ; y)αn;x)
−βn (x)Si (Sm−j (f ; y)βn;x)
−αn (x)Si (Sm−j (f ; y)αn;x)




Is (i, j;x, y) + Sn+1 (Sm−j (f, y) ;x) .
Now, we turn our attention to I1 (i, j;x, y). From (10) we have
I1 (i, j;x, y) = −αn (x)Sm−j
(
S˜i (fβn;x) ; y
)
(13)
= αn (x)αm (y) S˜j
(
S˜i (fβn;x) βm; y
)














S˜i (fβn;x) ; y
)
= αn (x)αm (y) S˜
11
ij (fβnβm;x, y)
−αn (x)βm (y) S˜
11
ij (fβnαm;x, y)
+αn (x)βm (y) S˜
10
ij (fβnβm;x, y)









I1l (i, j;x, y) + I15 (i,m;x, y) .










|I11 (i, j;x, y)|






∣∣∣R˜11n,m (fβnβm;x, y)∣∣∣p dxdy




|f (x, y)| log+ |f (x, y)| dxdy + c2.









|I1l (i, j;x, y)|






|f (x, y)| log+ |f (x, y)| dxdy + c2, l = 2, 3, 4.
Now, we turn our attention to I15 (i,m;x, y). Since
S˜
10
i,m+1 (fβn;x, y) = S˜i
(
Sm+1 (f ; y)βn;x
)
,






∣∣Sm+1 (f ;x, y)∣∣ dx ≤ c1 ∫
T
|f (x, y)| log+ |f (x, y)| dx+ c2









































|f (x, y)| log+ |f (x, y)| dxdy + c2.









|I1 (i, j;x, y)|






|f (x, y)| log+ |f (x, y)| dxdy + c2.
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|Is (i, j;x, y)|






























































|f (x, y)| log+ |f (x, y)| dxdy + c2.
Combining (12), (17), (18) and (19) we complete the proof of Theorem
3. 
By the density of polynomials and by virtue of standard arguments [16]
we can see the validity of Theorem 4
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